Using the ''modified DPMJET-III'' model explained in the previous paper [T. Sanuki et al., preceding Article, Phys. Rev. D 75, 043005 (2007).], we calculate the atmospheric neutrino flux. The calculation scheme is almost the same as HKKM04 [M. Honda, T. Kajita, K. Kasahara, and S. Midorikawa, Phys. Rev. D 70, 043008 (2004).], but the usage of the ''virtual detector'' is improved to reduce the error due to it. Then we study the uncertainty of the calculated atmospheric neutrino flux summarizing the uncertainties of individual components of the simulation. The uncertainty of K-production in the interaction model is estimated using other interaction models: FLUKA'97 and FRITIOF 7.02, and modifying them so that they also reproduce the atmospheric muon flux data correctly. The uncertainties of the flux ratio and zenith angle dependence of the atmospheric neutrino flux are also studied.
I. INTRODUCTION
In the previous paper [1] (hereafter Paper I), we have studied the interaction model (DPMJET-III [2] ) employed in the HKKM04 atmospheric neutrino flux calculation [3] , using the atmospheric muon flux data observed by precision measurements [4 -6] . In the study, we found that the calculated and observed muon fluxes did not agree, especially for momenta above 30 GeV=c. We modified the interaction model to improve the agreement between the calculated and observed atmospheric muon fluxes. We call this modified interaction model the modified DPMJET-III in this paper. Note, the modification is actually applied to the ''inclusive DPMJET-III'' in a phenomenological way based on the quark-parton model.
In this paper, we calculate the atmospheric neutrino flux with the modified DPMJET-III (Sec. II). The calculation scheme and the physical input data are basically the same as the HKKM04. However, we update the geomagnetic model from IGRF2000 to IGRF2005 [7] , and improve the use of ''virtual detector'' in the 3-dimensional calculation to reduce the error due to it [8] .
There are other hadronic interaction models which are used in the detector simulations of high energy experiments, such as FLUKA'97 [9] and FRITIOF 7.02 [10] . We calculate the atmospheric neutrino fluxes with these interaction models applying the modification, so that they also reproduce the atmospheric muon flux observed by the precision measurements (Sec. III). Note, to reproduce the observed muon flux, modifying the primary flux model might be alternative solution. We calculated the atmospheric neutrino flux, changing the spectral index of primary cosmic ray protons from ÿ2:71 to ÿ2:66 above 100 GeV, which also reproduces the observed muon flux in ÿ sum correctly with the original DPMJET-III. Those calculations give almost the same atmospheric neutrino flux in the energy region below 100 GeV, where 's are the main source of atmospheric neutrinos. With the modifications based on the atmospheric muon data, the production is almost the same in all three calculations. However the K's are not related to the atmospheric muons below 1 TeV=c, and above this momenta, almost no muon flux is available from the precision measurements. There remain sizable differences in the K production, resulting in differences in atmospheric neutrino fluxes at higher energies.
In Sec. IV, we estimate the uncertainties in our calculations. As the uncertainties of the predicted atmospheric neutrino flux is crucial for the study of neutrino oscillations, the study of them is important [11] . Since our calculation reproduces the observed atmospheric muon flux data, the uncertainty due to that in the production could be estimated from the experimental error and the residual of the reconstruction of atmospheric muon data.
The uncertainty of K production is estimated from the variation of the atmospheric neutrino flux at higher energies calculated in the modified calculation schemes. The total uncertainty is estimated by summarizing individual uncertainties. Note, the stabilities of the = e e ratio and the zenith angle dependence of the atmospheric neutrino flux are especially important in the study of neutrino oscillations. They are also studied with the uncertainty of the flux value.
II. CALCULATION OF ATMOSPHERIC NEUTRINO FLUX
In this section, we describe the calculation of the atmospheric neutrino flux with the modified DPMJET-III in detail. The calculation scheme is basically the same as HKKM04 [3] . For the primary flux model, we take the same primary flux model as HKKM04, based on AMS [12, 13] and BESS [4, 14] data, with a spectral index of ÿ2:71 above 100 GeV (see also Refs. [15, 16] ). For the model of the atmosphere, we used the US-standard '76 [17] , as the error due to the atmospheric density model is sufficiently small for the calculation of atmospheric neutrino flux [1] . Note, however, we update the geomagnetic field model from IGRF2000 to IGRF2005 [7] , and improve of the usage of the ''virtual detector'' as explained in this section.
Note, there are a considerable number of 3-dimensional calculations of the atmospheric neutrino flux [8, [18] [19] [20] [21] [22] [23] . However, all those calculations suffer from the small statistics at higher neutrino energies ( * 10 GeV), due to the inefficiency of the 3-dimensional calculation scheme. In this paper, we calculate the atmospheric neutrino flux averaged over all azimuthal angles, combining 3-dimensional and 1-dimensional calculations. In HKKM04, it is shown that the atmospheric neutrino flux calculated with a 1-dimensional scheme agrees with that calculated with the 3-dimensional scheme above a few GeV, averaged over all azimuthal angles, although more than a few % azimuth angle dependence remains in the atmospheric neutrino flux at 10 GeV due to muon curvature in the geomagnetic field.
For the 3-dimensional calculation, we assume the surface of the Earth is a sphere with R e 6378:180 km. We also assume three more spheres; the injection, simulation, and escape spheres. The radius of the injection sphere is taken as R inj R e 100 km, the simulation sphere as R sim R e 3000 km, and the escape sphere as R esc 10 R e . Note, a spheroid with an eccentricity of 1=298 is a better approximation for the Earth. However, the differece from the sphare approximation is small, and we estimate the errors of the atmospheric neutrino flux due to the sphere approximation is also small ( & 1%).
Cosmic rays are sampled on the injection sphere uniformly toward the inward direction, following the given primary cosmic ray spectra. Before they are fed to the simulation code for the propagation in air, they are tested to determine whether they pass the rigidity cutoff, i.e., the geomagnetic barrier. For a sampled cosmic ray, the ''history'' is examined by solving the equation of motion in the negative time direction. When the cosmic ray reaches the escape sphere without touching the injection sphere again in the inverse direction of time, the cosmic ray can pass through the magnetic barrier following its trajectory in the normal direction of time.
The propagation of cosmic rays is simulated in the space between the surface of Earth and the simulation sphere. When a particle enters the Earth, it loses its energy very quickly, and results in neutrinos with energy less than 100 MeV. Therefore, we discard such particles as soon as they enter the Earth, as most neutrino detectors which observe atmospheric neutrinos do not have sensitivity below 100 MeV.
For secondary particles produced in the interaction of a cosmic ray and air-nucleus, there is the possibility that they go out from and reenter in the atmosphere and create low energy neutrinos. Therefore, a simulation sphere which is too small may miss such secondary particles. On the other hand, it is very time consuming to follow all particles out to distances far from the Earth. In HKKM04, the simulation sphere with radius R sim R e 3000 km was found to be large enough to suppress the error to well below the 1% level.
Note, neutrino detectors are very small compared with the size of the Earth, and are considered as the infinitesimal points on the surface of the Earth. We introduce a finite size ''virtual detector'' for each targert detector in the 3-dimensional calculation scheme. In HKKM04, the surface of the Earth within a circle around the target detector of radius d 10 ( 1000 km) is used as the virtual detector. When neutrinos pass throuth the surface of the Earth inside of the circle (upward or downward), they are registered. We do not need the virtual detector in 1-dimensional calculation scheme, since it treats the propagation of the cosmic rays on a line which go through the neutrino detector. This is a far less time consuming computation scheme than the 3-dimensional calculation scheme for the atmospheric neutrino flux.
The finite size of the virtual detector introduces an error, since it averages the neutrino flux over positions where the geomagnetic conditions are different from the position of target detector [8] . To study the relation between the size and the error, we calculate the atmospheric neutrino flux with different size virtual detectors, d 10 ( 10 ) and d 5 ( 5 ). The fluxes 10 and 5 are compared in Fig. 1 for Kamioka from the HKKM04 calculation averaging over all azimuthal angles. We find a difference is seen for downward directions, and is almost constant for cos z > 0 in ratio, where z is the zenith angle of the arrival direction of the neutrinos. Therefore we expect the maximum error at E 0:1 GeV is 5% for downward directions averaging over azimuthal angles. The error due to the finite size virtual detector are smaller than those due to uncertainty of hadronic interaction model in HKKM04.
We can reduce the error due to the finite size virtual detector, with a little more computation. Let us assume the ''true'' atmospheric neutrino flux is expressed as an analytic function of the position. Note, we drop the arguments for arrival direction in the following expressions. The discussion here should apply to each arrival direction independently. We consider the power expansion the analytic function as 
where, x , y are the distances from the target detector in center angle to any directions perpendicular to each other, say, to South and East, respectively, i.e., x ; y constitute a local coordinate system. In the Monte Carlo calculation of the atmospheric neutrino flux, the calculated flux with a finite size virtual detector is the average flux over the virtual detector. With the increase of statistics, the flux d calculated in Monte Carlo calculation should approach 2 , then 0, the true flux value at the target detector, is given as
As is seen in Fig. 1 , the difference of the 10 and 5 is almost constant for cos z > 0, so it should be sufficient to examine the assumption and procedure for vertical down going directions. In the left panel of Fig. 2 , we plotted the total neutrino flux for the vertical down going directions ( cos z > 0:9) calculated with different size of virtual detectors, d 10 , 5 , and 2.5 for Kamioka, Sudbury, and Gran Sasso with the HKKM04 calculation. In the right panel of Fig. 2 , we depicted the difference to the estimated true value with Eq. (5) in the ratio. We may say the convergence of the calculated fluxes to the ''true value'' agrees with the expectation of Eq. (4), and we apply the Eq. [8, 19, 20, 24] ; (a) the absolute values of each kind of neutrinos and (b) the ratio of them.
detector does not exist in the 1-dimensional calculation scheme.
Thus calculated atmospheric neutrino fluxes in the 3-dimensional scheme are shown in the Appendix A up to 10 GeV for Kamioka, Sudbury, and Gran Sasso separately. The neutrino flux calculated for the Soudan2 site is almost identical to that calculated for Sudbury. The neutrino flux calculated for Frejus is 10% larger than that for Gran Sasso at 0.1 GeV, and the difference is smaller at higher energies. Above 10 GeV, the atmospheric neutrino flux is calculated using the 1-dimensional scheme. They are tabulated in the Appendix B up to 10 TeV.
We compared the atmospheric neutrino fluxes calculated with modified and original DPMJET-III in the ratio of flux values in Fig. 3 , averaging over all directions for Kamioka up to 1 TeV. The atmospheric neutrino flux calculated with the modified DPMJET-III shows an increase above 10 GeV from that with the original DPMJET-III, but the increase rate is different for different kinds of neutrinos. This is because the modification of the interaction model in Paper I enhances the productions of 's, K 's, and K 0 , with no change for K ÿ production. Therefore, the increase of and e is larger than that of and e . In Fig. 4 , we compared the atmospheric neutrin fluxes calculated with the modified and original DPMJET-III with those from other calculations based on the 3-dimensional calculation scheme, Bartol [8, 24] and Fluka [19, 20] . The atmospheric neutrino fluxes calculated for Kamioka and averaged over all the directions are depicted in panel (a) and the ratios are compared in panel (b) up to 1 TeV. Although there are sizable differences in the flux values among different calculations, the ratio = e e is almost identical to each other below 100 GeV among them.
III. MODIFICATION OF FLUKA'97 AND FRITIOF 7.02
In this section, we modify the FLUKA'97 and FRITIOF 7.02 interaction models, so that they reproduce the observed atmospheric muon data, following the procedure we used to modify DPMJET-III in Paper I. Then we calculate the resulting atmospheric neutrino flux to study the robustness of the modification procedure. The calculations in this section are carried out using the 1-dimensional calculation scheme for computation speed. The modification is applied to the hadronic interactions above 30 GeV, to study the muon flux above 10 GeV=c and neutrino flux above 3 GeV=c.
The secondary spectra of and K productions differ between interaction models. The difference is seen in the Z-factors defined as
where N i is the multiplicity and p i is the momentum of the i secondary particle, and p proj is the projectile momentum. In Fig. 6 , we show the comparison of observed muon fluxes and calculations with the original and modified FLUKA'97 interaction models. We find the modification clearly improves the agreement of the observations and the calculation. The muon flux calculated with the original FLUKA'97 shows rather a better agreement than that of original DPMJET-III above 30 GeV=c (see also Fig. 8 ). However the muon flux reproduced by FLUKA'97 becomes increasingly smaller than the observation for momenta below 30 GeV=c. This feature is also observed in the reconstruction of the muon flux for balloon altitudes [25] , and FLUKA'97 was not used in HKKM04. Hereafter, we refer to this calculation scheme as the ''modified FLUKA. '' In Fig. 7 , we show the comparison of observed muon fluxes and the calculations with the original and modified FRITIOF 7.02 interaction models. We find here again the modification clearly improves the agreement of the observations and the calculation. The disagreement of the muon flux calculated with the original FRITIOF 7.02 is larger than those with the original DPMJET-III or the original FLUKA'97. We find the modification improved the agreement so that it is almost as good as the modified DPMJET-III or modified FLUKA. Hereafter, we refer to this calculation scheme as the ''modified FRITIOF.''
With the original DPMJET-III, we can reproduce the muon flux data in ÿ sum by the modification of the primary flux model changing of the spectral index from ÿ2:71 to ÿ2:66 above 100 GeV [26] . However, with only the modification of the primary flux model, it is difficult to DPMJET−III FLUKA'97 FRITIOF 7.02 reproduce the observed muon charge ratio. In terms of Z-factor, we find Z =Z ÿ must be 1:5 at 1 TeV to reproduce the observed muon charge ratio at 100 GeV, while Z =Z ÿ is 1:35 at 1 TeV in the original DPMJET-III. We calculate the atmospheric muon flux with this modified primary flux model, also applying a light modification for DPMJET-III to reproduce the observed muon charge ratio, by increasing the ratio Z =Z ÿ to 1:5. The calculated results are compared with the observation in Fig. 8 . We find again the agreement of calculation and observation are equally as good as the other modified calculations. Hereafter, we will refer to this calculation scheme simply as the ''modified primary flux.''
In Fig. 9 , we plotted the Z Z ÿ and Z K Z K ÿ for the interaction models modified as explained above. In addition, we plotted the values of the original DPMJET-III multiplying E proj =100 GeV may be considered as the reasonable variation of K productions after the modification. Now we calculate the atmospheric neutrino flux with the modified calculation schemes. The calculations are carried out in the 1-dimensional scheme, and the results are compared with those with modified DPMJET-III in Fig. 10 above 3 GeV. Note, we also depicted the comparison of the calculations with different atmosphere models defined as
where us h is the density profile of US-standard '76 [17] . This is the same modification of the US-standard '76, which we used in Sec. 4 of Paper I to study the effect of the atmospheric density profile on the lepton fluxes. We take the parameter " to be 0:05 as in that study, and use the modified DPMJET-III for the interaction model. In the left panel of Fig. 10 , we find the atmospheric neutrino fluxes calculated with the modified calculations agree within 5% below 100 GeV. The agreement is considered to be due to the large contribution of 's in this energy region. Note, the different atmospheric models result in almost the largest difference for e and e , and the difference for and is smaller than other modified calculations. This is a result of differences in ÿ successive decay and the muon propagation in the atmosphere.
Above 100 GeV, where the contribution of K's becomes large, we find a large variation of neutrino fluxes for all kinds of neutrino except for the flux. In our modification scheme, the K productions are modified at the same rate as the productions. Therefore, the variation of flux is relatively small even above 100 GeV. Note, the modified primary flux scheme produces the largest neutrino fluxes among all the modified calculations and for all kinds of neutrino except for the above 100 GeV. This is due to the increase of K ÿ productions by the increase of primary cosmic ray in this model. In our modification scheme, the K ÿ productions are not altered. In the right panel of Fig. 10 , we show the neutrino flux ratios, = , e = e , and = e e , averaged over all directions. We find the largest difference in the = ratio, and it could be explained by the differences in = and seen in the left panel, and by the K-productions at higher energies. The difference of the ratios in the 3-100 GeV range is much less than 5% for all ratios, where the contribution of 's is important. Especially, the difference in = e e ratio is small at all the energies shown here ( & 2%). The largest variation in the = e e ratio is found with the change of atmospheric model. This is the direct consequence of the large variation of e and e and small variation and resulting from the change in the atmospheric model.
IV. UNCERTAINTY IN THE ATMOSPHERIC NEUTRINO FLUX CALCULATION

A. Uncertainty for flux value of the neutrinos
Here, we estimate the total uncertainty or the total possible errors in the calculation of atmospheric neutrino flux. It may be expressed as (8) where is the uncertainty due to the uncertainty of production in the hadronic interaction model, K is due to the K production, due to the hadronic interaction cross sections, air due to the atmospheric density profile, scheme due to the calculation scheme including any bugs in the code, and stat due to statistical errors. The solar modulation of the cosmic rays and mountains above the neutrino detector cause sizable effects on the atmospheric neutrino flux. However, they are not a true uncertainty and they are included in our calculation correctly.
The statistical error in the Monte Carlo study is smaller than 1% below 3 TeV and 3% below 10 TeV for and . For e and , it is a little worse and smaller than 1% below 10 GeV, 3% below 3 TeV, and around 10% at 10 TeV. However, the statistical error is much smaller than those from other uncertainty sources. The largest error due to the calculation scheme is the finite size effect of the virtual detector, which we studied in detail in Sec. II. With the procedure proposed there, the remaining error would be much smaller than 1%. We do not discuss scheme and stat in the following.
In Paper I, we have proven that the error of productions in the hadronic interaction model affects the atmospheric muon and neutrino fluxes produced by the decay at the same rate, namely ' ' e e (9) above 1 GeV. We may estimate from the comparison of the observation and calculation of the atmospheric muon flux. Since the atmospheric muon flux below 1 TeV comes almost only from the decay, we use the sum of the experimental error and the residual of the reconstruction as the in Eq. (9) (see Fig. 15 of Paper I). Then we replace in Eq. (8) with = , where is the sum of and K contributions for a conservative estimation. The estimated uncertainty is depicted by the solid line above 1 GeV in Fig. 11 .
For the K , we used the modified calculation schemes studied in Sec. III. We assumed the maximum neutrino flux difference from the modified DPMJET-III among them as K . The maximum difference for all kinds of neutrino for vertical direction is depicted by the dashed line in Fig. 11 , since that variation is the largest of all zenith angles. Each difference is a little larger, but similar to that shown in the left panel of Fig. 10 . Note, the maximum difference from the modified DPMJET-III is seen in the modified primary flux model in most of the cases.
For , we assumed the difference j ÿ j in the Fig. 10 of Paper I. Since the uncertainty of the interaction cross section works with opposing effects for atmospheric muons and neutrinos, the error of the interaction cross section introduces an error in the calibration of interaction model with the atmospheric muon flux data. On the other hand, as we use the observed atmospheric density profile, the calibration is not affected by the error of the atmospheric model. We use only in Fig. 9 of Paper I as the air . All these uncertainties, , K , , air , and tot , are summarized in Fig. 11 . Note, the estimations are conservative, and the maximum uncertainty is shown for all kind of neutrinos and zenith angles.
We note, Eq. (9) is valid only for * 1 GeV. We have to estimate without using the atmospheric muon flux data at ground level. In Fig. 12 , we show the study of the muon flux at balloon altitudes at Fort Sumner [27] . The modified DPMJET-III reproduces the muon flux within 10% at 1 GeV=c, and p =p ratio for the same momentum of parent 's remains 3 even at the lower momenta, due to the small energy loss of muons at balloon altitudes. However, the distance of the production and observation places are longer than the muons observed at ground level. The muon decay in this distance make Eq. (9) less accurate for & 1 GeV. We conservatively estimate 20% errors for pion productions responsible to the atmospheric neutrino at 0:3 GeV.
Note, the uncertainty studied above is for all the kind of neutrinos, and for all zenith angles. Limiting the kind of neutrino and the zenith angle, we may get a smaller estimation for the uncertainty. Especially, the uncertainties in the ratio of the different kind of neutrinos and the zenith angle dependence show smaller uncertainties. They are important in the study of the neutrino oscillations using the atmospheric neutrinos, and are studied in the following.
B. Uncertainty for the flux ratio among different neutrinos
We have studied the variation of the ratios, = , e = e , and = e e , among the modified calculations for all direction average in Sec. III, and shown in the right panel Fig. 10 . We find the variation of the = and e = e is within 5% below 100 GeV, where 's are still the major source of atmospheric neutrinos. However, the variation increases above 100 GeV, due to the difference of the K productions in the different models.
On the other hand, the ratio = e e is very stable among different calculations especially below 100 GeV ( & 2%). Note, however, the variation of atmospheric model gives almost the largest variation to this ratio in this energy region. This is explained by the ÿ successive decay process:
The decay and energy loss of muons are affected by the atmospheric density profile. When most of the muons decay in the atmosphere, the ratio = e e becomes small. When muons lose energy at a larger rate, the products of muon decay has lower energies, then with the steep energy spectrum of 's at decay, the ratio becomes larger. The interaction model also causes an uncertainty in the ratio = e e through the 's spectrum at the decay. However, this is not a large effect as is seen from the right panel of Fig. 10 .
We estimate the error of the ratio = e e is 2% below 100 GeV, since our atmospheric density profile is a good approximation for the 1 yr average of the more realistic model.
C. Uncertainty for the vertical/horizontal ratio
In the determination of m with atmospheric neutrino flux, the zenith angle dependence of the atmospheric neutrino flux is important. For the study of the zenith angle dependence, we calculate the quantity defined as
for i , , following HKKM04. The quantity I 2 and I 2 are roughly proportional to the rate of the muon events induced by and in the energy range from E 1 to E 2 . The neutrino cross section is roughly proportional to the neutrino energy and the muon range, therefore, the target volume is proportional to the muon energy, as far as the energy loss due to the pair creations is smaller than the ionization energy loss ( 500 GeV). With E 1 10 GeV and E 2 1 TeV for the integration, we calculated I Table I .
The stability of the zenith angle dependence of atmospheric neutrino flux may be studied with the stability of the I 
V. SUMMARY
We have revised the calculation of atmospheric neutrino flux in HKKM04 with the ''modified DPMJET-III'' constructed in Paper I. Before the calculation, we have studied the error caused by the use of the ''virtual detectors'' generally far larger than the actual neutrino detectors. Such a virtual detector introduces an error, since it averages the neutrino flux over positions where the geomagnetic conditions are different from the position of target detector. At the low energy end of our calculation (0.1 GeV), the error reaches around 5% with the virtual detector used in HKKM04 (a circle with radius 1000 km), but it could be corrected comparing the average flux values of virtual detectors with different sizes. With this correction the error could be reduced to & 1% which is much smaller than the uncertainties in other components for the calculation of atmospheric neutrino flux. In the calculation, we updated the geomagnetic field model from epoch 2000 to 2005.
Next, we studied the robustness of the modification procedure explained in Paper I. We modified the interaction models of FLUKA'97 and FRITIOF 7.02, so that they reproduce the atmospheric muon flux data (i.e., the same as the modified DPMJET-III), and calculated the atmospheric neutrino flux in the 1-dimensional scheme for the energies above 3 GeV. The neutrino fluxes calculated with those modified interaction models agree within 5% with the flux calculated with the modified DPMJET-III below 100 GeV. However, the variation increases to around 15% at 1 TeV. This is considered to be due to the differences of the K productions in the modified interaction model. As the K productions in the original interaction models are different, there remain the differences of the K production in the modified interaction models. With this variation of the neutrino fluxes with the modified interaction models, we estimated the uncertainty of the atmospheric neutrino flux due to the uncertainty of the K production in the interaction model, when they are modified to reproduce the observed muon flux correctly.
We summarized the uncertainties in the calculation of atmospheric neutrino flux including that of K production in the interaction model. The relation = '
= ' e = e , for the atmospheric lepton fluxes from the decay derived in Paper I is useful in this study. As we reproduce the atmospheric muon flux with a good accuracy from 1 GeV to 1 TeV, the uncertainty of atmospheric neutrino flux due to the uncertainty of the productions in the interaction model is estimated from the experimental error and residual of the reconstruction of the atmospheric muon flux data. Summarizing the uncertainties of atmospheric density profile, interaction cross section and the K-productions in the interaction model, we estimate the uncertainty of the atmospheric neutrino flux calculated in this paper is 7% from 1 to 10 GeV, 14% at 100 GeV, and 25% at 1 TeV. Note the statistical error in the Monte Carlo study and uncertainty due to the calculation scheme is much smaller than those of other sources of the uncertainties. It is difficult to estimate the error at energies above 1 TeV, since the uncertainties of the primary flux and the interaction model would be larger at the corresponding energies ( * 10 TeV) of the primary cosmic rays. Also accurately measured muon flux data are not available at the corresponding muon momenta ( * 3 TeV) to calibrate the uncertainties.
The neutrino flux ratios are also compared among the different calculations to study the variation. Although the variations for = and e = e are large, the = e e ratio is very stable ( & 2%) over the range 0.1-100 GeV. The variation of the atmospheric density profile gives the largest variation in the = e e ratio. However, for an 1 yr average, the uncertainty of this ratio will be sufficiently small.
The stability of the zenith angle dependence is also important in the study of neutrino oscillations using the atmospheric neutrino flux. We have studied the ratio [horizontal flux]/[vertical flux] ratio in the different calculations, then estimated the uncertainty. The variation or the uncertainty of the ratio is 3%, and the variation of K-production is considered to be the main source of this uncertainty.
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APPENDIX A: ATMOSPHERIC NEUTRINO FLUX BELOW 10 GEV
Here we tabulate the calculated low energy (0.1-10 GeV) atmospheric neutrino flux for 3 locationsKamioka, Sudbury (North America), and Gran Sassoaveraging them in the zenith angle bins with cos z 0:1, where z is the zenith angle of the arrival direction of the neutrino, in Tables II, III, IV 
for each neutrino energy, kind of neutrino, observation site, and zenith angle bin. We have also calculated the flux of atmospheric neutrinos for Soudan2 and Frejus sites. The flux at Soudan2 site is almost identical to that of the SNO site (Sudbury). The flux at the Frejus site is a little higher (3% at 1 GeV and 10% at 0.1 GeV) than that for Gran Sasso. However, the flux for Gran Sasso could be used as the approximate flux for the Frejus site. Therefore, we select the fluxes for Kamioka, Sudbury, and Gran Sasso, to save space in this paper.
The difference of the fluxes at different sites is due to the rigidity cutoff of the cosmic rays. Note, the difference of the terrain above the neutrino detector is not considered for each observation site in these tables. It may be important for the neutrino detectors constructed under high mountains.
More detailed flux tables will be available from the web site: http://www.icrr.u-tokyo.ac.jp/ mhonda, from 0.1 GeV to 10 TeV, for solar maximum and solar minimum, with and without the consideration of the terrain, and for Kamioka, Sudbury, Soudan2, Gran Sasso, and Frejus sites.
Dividing the azimuthal angels into 12 bins, the flux table for each azimuthal bin will also be available for each calculation conditions stated above.
APPENDIX B: ATMOSPHERIC NEUTRINO FLUX ABOVE 10 GEV
Here we tabulate the atmospheric neutrino flux calculated in this work for neutrino energies above 10 GeV in Tables XXII, XXIII , XXIV, and XXV. The atmospheric neutrino flux could also be calculated using Eq. (A1).
Note, we tabulate one kind of neutrino flux in one table independently of the observation site, for the down going directions. The neutrino flux for upward going direction is obtained using the mirror symmetry of the atmospheric neutrino flux:
valid in the energy region where the rigidity cutoff does not affect the neutrino flux. 
